This paper aims to study and compare the temperature distributions caused by mutual sliding of two members of the disc brake system basing on two-and three-dimensional FE modeling techniques and complexity of the phenomenon. First step of the analysis based on the previously developed model where the intensity of heat flux was assumed to be uniformly distributed on the friction surface of disc during braking process, and the heat is transferred exclusively in axial direction, whereas during the second, the three-dimensional rotor is subjected to the non-axisymmetric thermal load to simulate realistic thermal behaviour of the brake action. Operation conditions, thermo-physical properties of materials and dimensions of the brake system were adopted from the real representation of the braking process of the passenger vehicle. Arbitrarily selected four values of the velocities at the moment of brake engagement were applied to the models so as to investigate theirs influence on the obtained solutions of the temperature evolutions on the contact surface of the disc volume referring to two separated finite element analysis. The large amount of heat generated at the pad/disc interface during emergency braking indisputably evokes non-uniform temperature distributions in the domain of the rotor, whereas the pad element is constantly heated during mutual sliding. The obtained results of the original code of three-dimensional modeling technique implemented to the conventional FE software revel high agreement with the solution of simplified process of friction heating.
INTRODUCTION
The sliding contact of the members of disc brake results in kinetic energy conversion into heat at the pad/disc interface. The increase of friction moment is a limited quantity and depends on the coefficient of friction, radius of rubbing path, and forces that act on the pads.
The process of slipping leads the increase of temperature, whereas its peak value is one of the most crucial factor in the course of action to occur. The temperature on the contact surfaces of the tribosystem during emergency braking intensified by significant thermal load due to frictional forces as well as the high velocity of the process is, in particular, important to predict in hazardous environments such as coal mines [1] [2] [3] [4] .
Complexity of the friction and wear processes state major difficulty of formulating universal physical model to determine critical operation conditions for specified case of braking action. Exact analytical solutions of temperature of friction pair may be obtained with restriction to semi-spaces, plane parallel strip or semi-planes. Typically the heat flux condition is applied at the region of contact. The three-dimensional temperature distributions of a moving heat source problem with a rectangular and elliptic source on a rectangular prism and circular source on a rotating cylinder was proposed in article [5] . The temperature and the thermal constriction resistance as a function of geometric characters and velocity were determined. The temperature and the thermal stresses of the pad (the strip) sliding with the constant retardation on a surface of the disc (the semi-space) both during heating and after the moment of standstill were studied [6] . However these geometric configurations may correlate with actual engineering applications, absence of the exact solutions, primarily application of finite areas of frictional heating systems should be noticed.
Rotating systems such as disc brakes in which pads cover solely the segment of rubbing path of a disc, are intrinsically submitted to non-axisymmetric thermal load. Simplifications of a real three-dimensional modelling techniques into two-dimensionality relating to the heat rate uniformly distributed in circumferential direction were so far accomplished [7] [8] [9] [10] [11] . In point of fact they enter simplifications of three-dimensional process of heating, which is omitted in systems where the friction surface of a body and counterbody is equal aircraft brakes and clutch systems [12] . Two models of heat dissipation utilizing axisymmetric arrangement of a disc brake: namely macroscopic and microscopic model were implemented in articles [7, 8] . In the macroscopic model first law of thermodynamics has been taken into account and for microscopic model various characteristics such as braking time, velocity of the vehicle, thermo-physical properties of materials, contact pressure, and dimensions of a real disc brake assembly have been studied. Green's functions were used to determine temperature distributions in the disc and pad volume [8] .
Formulation of the heat flux activity during frictional heating independent of circumferential coordinate θ may cause unrealistic contact conditions and falsify actual, elastic distortions. In order to simulate reasonable emergency braking process, the threedimensional FE model assuming nonlinear pressure distribution and angular velocity variability was proposed in article [13] . The thermo-physical properties of materials independent on temperature have been used.
Operation of disc brake above the certain range of the velocity may lead to thermoelastic distortions and in consequence to non-uniform pressure distribution due the interchanged moments of contact and its absence during rotation, known as thermoelastic instability (TEI) [14] . The upwind scheme in finite element formulation to prevent possible perturbations owing high Peclet number was developed [15] .
The conventional finite element method is well adopted in stationary problems, however three-dimensional modelling of parts being in motion imposes very fine mesh due to high values of Peclet number, which determines the range of the velocity, above which oscillations may occur. The hybrid method combining the finite element method and the fast Fourier transform (FFT) technique, as an alternative approach in order to reduce computational time without loss of the temperature alterations owing the circumference of a disc brake was used [3, 4, 9, 10, 15, 16] . The temperature distributions during different operation conditions were presented. The review of FEM-solutions of thermal problems of friction during braking are given in the article of Yevtushenko and Grzes [17] .
In order to predict the temperature on the contact surfaces of elements of disc brake, experimental examinations including infrared techniques such as two colour pyrometry [18] , infrared mapping [3, 4] as well as thermocouples [1, 19, 20] were developed.
In this paper three-dimensional finite element analysis regarding movable behaviour of the disc brake system was developed and compared with the two-dimensional modelling of frictional heating problem derived from previous author's study [11] . In order to assure accuracy of the solution several finite element meshes of the two specified models of the real disc brake was tested. Investigation comprises dissimilar evolutions of the external load during mountain descent with constant velocity and application of single, emergency braking to standstill. For the purpose of comparison of obtained results, dimensions of the disc brake, operation conditions and thermo-physical material properties were adopted from the study developed previously [8] . Special concern is focused on the description of the FE modelling technique of the moving heat source problem corresponding to axial configuration of the same phenomenon.
STATEMENT OF THE PROBLEM
The disc brake system comprises in the majority two elements: rotating axisymmetric disc and immovable non-axisymmetric pad ( Fig. 1 ). When the braking process occurs, the hydraulic pressure forces the piston and therefore pads and disc brake are in sliding contact.
The friction at pad/disc interface resists the movement and the vehicle slows down, remain at the same level of the velocity during mountain descents or eventually, stops. The friction between disc and pads always opposes motion and the heat is generated due to conversion of the kinetic energy, whose portion is dissipated by convection to the atmosphere in accordance to Newton's law. However radiation as a third type of heat exchange always takes place, owing its negligibly amount is omitted in the modelling of the presented phenomenon.
In this paper non-axisymmetric thermal load due to the frictional heat generated during the single braking process implemented in the three-dimensional model is investigated to compare obtained solution of the temperature evolution on the disc friction surface with the two-dimensional representation of the constant heating studied previously [19] and to answer if there is the accurate range of the velocity under which the uniform heat flux ratio upon the circumference of the disc may results in the satisfactory outcomes. Thus primarily relevant in the present study was to examine proposed technique of moving heat source modelling problem. The solid disc brake was analyzed, where the dimensions, operating parameters and properties of materials were adopted from the study of Talati and Jalalifar [8] .
For both types of disc models it has been assumed as follows:
1) material properties are isotropic and independent of the temperature;
2) the nominal surface of contact between the disc brake and the pad in operation is equal to the apparent surface in the sliding motion. The contact pressure is uniformly distributed over all friction surfaces hence the heat generation of the midplane is considered as symmetric;
3) the average of the intensity of heat flux into disc on the contact area equals [21] :
4) the heat partitioning factor representing the fraction of frictional heat flux entering the pad has the following form [22] ε γ
is the thermal activity coefficient [23] 5) the frictional heat due to Newton's law has been dissipated to atmosphere on the other surfaces. The heat transfer coefficient h is constant during simulation of braking process;
6) radiation is neglected by virtue of short braking time and hence relatively low temperature;
7) the wear on the contact surface is negligible.
In the three-dimensional model of solid disc, single surface of its symmetry in axial direction is insulated owing nature of considered phenomenon of heating. On both, the external, internal surface of the disc and contact surface free from friction, the convection conditions are prescribed due to the Newton's law of cooling. In the zone of temporary contact of the pad and disc, the thermal flux is assigned, which differs in the area of disc at any instant of braking time corresponding to the components of the intensity of heat flux product Eq. (2).
The contact pressure p 0 is constant during the analysis, whereas the velocity for the first case of the analysis decreases linearly with time
and during the second constant value of the velocity is assumed.
MATHEMATICAL MODEL
In order to determine the temperature distributions, both analytical and numerical techniques have been employed. The starting point of the analysis of the temperature fields in the disc volume, is the parabolic heat conduction equation given in the cylindrical coordinate system (r, θ, z) [24] 0 , 0 , 2 0 , ,
The boundary and initial conditions of non-stationary problem are established as follows ( Fig. 1) )
FE FORMULATION
The object of this section is to develop approximate time-stepping procedures for axisymmetric transient governing equations. Using Galerkin's approach the following matrix form of the Eq. (6) is formulated [25] [ ] [ ]
In order to solve the ordinary differential equation (13) the Crank-Nicolson method was used. Based on the assumption that temperature {T} t and {T} t+∆t at time t and t+∆t respectively, the following relation is specified (14) Substituting Eq. (14) to Eq. (13) we obtain the following implicit algebraic equation (15) where β is the factor which ranges from 0.5 to 1 and is given to determine an integration accuracy and stable scheme.
The transient finite element analysis was developed using the MD Patran/MD Nastran software package [26, 27] . The finite element mesh of the disc model chosen for the analysis is illustrated in Fig. 1 . The accuracy of the solution was obtained by testing different grids of finite elements, all of which had its own global number of elements due to specific division in circumferential, radial, and axial direction. The investigated, individual grids at the initial phase of the computations consisted of the 180, 240, 360, 450, 540 elements in the circumference, 10, 15, 20, 25, 30 with spatial mesh size is essential [26] . The thermal flux entering the disc acted in the shape of the intensity of heat flux applied to three-dimensional finite elements in the area of pad operation during braking.
Instead of automatic mesh generation capabilities, the original programming of the built-in commends of finite element software covering the algorithm of moving heat source described above, to assure correctness of the boundary conditions prescribed to specific elements, in particular, on the contact surface of disc was developed.
RESULTS AND DISCUSSION
In this paper temperature distributions of the disc brake without pad have been investigated. The disc rotor is subjected to high non-axisymmetric thermal load which may lead to non-uniform pressure and temperature distributions. Therefore three-dimensional analysis facilitate to examine temperature alterations in the circumference and theirs influence on the area inside the disc. Both convection and conduction have been analyzed. Particularly conduction was considered to be the most important mode of heat transfer.
In order to validate proposed transient numerical analysis two different types of the FE models were investigated, namely two-and three-dimensional configuration [8] . The part of presented temperature evolutions for two-dimensional model (braking with the constant retardation from the velocity of h km V / 100 0 = ) originates from previous author's study [11] . The temperature evolutions on the contact surface of disc conditioned by the obtained results of two types of braking process simulations from the initial velocity h km V / 75 0 = are shown in Fig. 3 . In the two-dimensional model the temperature curves of surface of friction continuously alter with time analogously as was during braking from h km V / 100 0 = (Fig. 2) .
In the spatial model, the increase of temperature is noticeable after the moment without sliding contact at the specified location in the circumference °= 0 θ , then the maximal temperature is attained, and succeeding period of pad absence effects with its rapid descend.
The nature of the repeated heating and cooling states ( Fig. 2-5 ) indicates two types of temperature curves, the first, describing period of heating is the concave curve, the second part of one rotation of disc is described by the convex curve, which is caused by the extortion of frictionally generated heat impulse and its absence after the pad transition with the convective cooling. The time of these periods differs due to the velocity of braking and is constant at its specified value at each radial location on the friction surface. The temperature curves at the radii of 66, 76.5mm almost coincide near the time of full stop with both solutions owing complexity of the model, whereas the discrepancy of temperatures during the action and after standstill overlaps less at radii 95 = r and mm r 5 . 113 = .
In Fig. 4 temperature evolutions on the contact surface during braking from the initial velocity of h km / 50 are presented. The similar pattern of temperature progress with regard to Fig. 2 ). Therefore the temperature after the full stop is closer to the value obtained in the axisymmetric problem of frictional heating.
Relating to the radial location of the presented temperature curves, proportion of the distance from z axis is not equalled to the corresponding values of temperature. This phenomenon may be attributed to the contact surface of disc which is situated on its margin, thus the area beneath rubbing path absorb more heat during action and temperature is adequately lower. 
The evolutions of temperatures during braking from the lowest tested velocity
The temperature curves of three-dimensional model are plotted with regard to the constant temperature of twodimensional FE model. In fact temperature distribution of axial model in Fig. 6 should be illustrated as a point, but to facilitate clarity straight line (dashed) is used. It may be observed that the temperature rises when the pad passes specified position on the friction surface of disc and decreases to the level beneath the distribution of two-dimensional event. The highest calculated range of amplitude of temperature occurs on the external edge of disc in each case of braking. For mm r 5 . 76 = the temperature is more smooth under pad transition, whereas on the edge of external surface is almost constant in the circumference because of the distance from the rubbing path. The presented plots of temperature drawn along the circumferential direction which correspond to the articles of Floquet and Dubourg [9] and Cho and Ahn [16] .
The average temperature of spatial problem during braking from h km V / 25 = (Fig.   6d ) equals 1, 2, and 3% (Fig. 6c,b,a) , respectively. However this arithmetic mean of spatial distribution of temperature is not able to include realistic response of material heating of disc during process of braking. The level of temperature in each case of brake engagement owing different initial velocities corresponds to temperatures at the moment of standstill presented in Fig. 2-5 . The temperature distributions expose importance of place under examination in the circumference of spatial model and its parallel time. Fig. 7 shows the temperature distributions that evolved on the external radius of disc
) at different locations in depth during braking from the previously selected initial velocities of the vehicle: a) h km . The similar approach of simulation of braking process with constant velocity using three-dimensional model has been investigated [2] . Assumptions regardless circumferential conductive flux were made with the assessment of the entered error.
The temperature variations at different locations in depth from the disc/pad interface mm z 0 = to the surface of symmetry of disc mm z 5 . 5 = are shown in Fig. 10 . With a distinction to the case of braking with linearly decreased velocity of the vehicle (Fig. 7a) braking with the constant velocity results in the increase of temperature after the initial moment of time nearly linear until full stop. The temperatures of two-dimensional model at
are higher at any instant of braking time.
The temperature distributions on the friction surface along the circumference of disc for the case of braking with constant velocity of 100km/h are shown in Fig. 11 . It is clearly noticeable for 5 . 76 = r , 95, 113.5mm that the temperature on the contact surface corresponds to pad transition over the rotational disc. 
CONCLUSIONS
In this paper three-dimensional finite element analysis was carried out for temperature distributions assessment in disc brake system during single braking. The disc rotor was examined without pad presence. The heat conductivity problem was divided into two cases of different configurations of the disc brake FE models owing complexity of the problem.
From the obtained results we can conclude, that the temperature of disc on the contact surface of two-dimensional model and averaged solution of spatial solution during braking with the constant deceleration sharply rises at the beginning of the process, reached its maximal value and eventually stops on the lower level, whereas if the velocity of the vehicle is constant the temperature after the initial moment of time increases approximately linearly.
The character of temperature evolution on the contact surface of disc and its influence in depth reveals high coincidence with regard to the three-dimensional model and simplified two-dimensional representation of the considered problem. Therefore validation of the outcomes of previously conducted study of frictional heating of disc with uniformly distributed heat flux has been made. FEA enables to predict temperature variations in a real disc brake Mean temperatures on the contact surface correspond with results of 2D model Velocity affects advisability of use of two-dimensional FE modelling 
